
E v a lu a te  th e  fo llo w in g :
> (define (factorial n)
    (if (= n 0) 1
        (* n (factorial (- n 1))) ))
> (factorial 3)

C F G lobal

T hi s has syntacti c sugar, so transl ate i t  i n to
real  code.

S tep  1

(define (factorial n)
  (if (= n 0) 1
      (* n (factorial (- n 1))) ))
(factorial 3)

C F

C F G lobal

T o eval uate the def i ne expressi on, w e m ust
f i nd out to w hat the sym bol  fa c to ria l  i s bound.

S tep  2

(define factorial
  (lambda (n)
    (if (= n 0) 1
        (* n (factorial (- n 1)))
    ))
(factorial 3)

C F

C F G lobal

T he la m b d a  expressi on eval uates to a
procedure.  T he procedure poi nts to the f ram e
i t w as ev al uated i n, and to i ts param eters and
unev al uated body .

S tep  3

(define factorial  )
(factorial 3)

C F

P: n
B: (if (=  n 1 ) 1  (*  n  (factoria l (- n 1))))

C F G lobal

N ow  that w e know  to w hat fa c to ria l  i s bound,
w e create the sym bol  fa c to r ia l  and bi nd i t  to the
val ue.  I n th i s case, the val ue i s a procedure.

S tep  4

(define factorial  )
(factorial 3)

C F

P: n
B: (if (=  n 1 ) 1  (*  n  (factoria l (- n 1))))

factorial

CF G loba l

Fi ni shed w i th the f i rst expressi on, w e now
m ove on to the second.  T hi s i s a l i st, and
not a speci al  f orm , so w e m ust ev al ute al l
of  i ts sub-expressi ons.

S tep  5

(define factorial  )
(factorial 3)

C F

P : n
B : (if (= n 1) 1 (*  n  (fac to rial (- n 1))))

fac to rial

C F G lobal

T he sym bol  fa c to r ia l  eval uates to the procedure
i t 's bound to, and the num ber 3  eval uates to
i tsel f .

S tep  6

(define factorial  )
(  3)

C F

P: n
B: (if (=  n 1 ) 1  (*  n  (factoria l (- n 1))))

fac to rial

CF G loba l

N ow  w e cal l  the procedure on the actual
param eters i n the l i st.  T hi s creates a f ram e
that poi nts to the sam e f ram e as the procedure.
W e al so bi nd the f orm al  param eter  sym bol s
to thei r respecti ve actual  param eter  val ues i n
the new  f ram e, and star t ev al uati ng the
procedure's body  i n the new  current f ram e.

S tep  7

(define factorial  )
(  3)

C F

P : n
B : (if (= n 1) 1 (*  n  (fac torial (- n 1))))

fac to rial

(if (= n 1) 1
    (* n (factorial (- n 1))))

C F (1 )

n 3

CF(1) C F G lobal

T he f i rst ex pressi on i n the body  of  the
procedure i s an i f , w hi ch i s a speci al  f orm .
T he predi cate of  the i f  expressi on i s al w ays
eval uated f i rst to determ i ne w hether  to
eval uate the consequent or  al ternate.

S tep  8

(define factorial  )
(  3)

C F

P: n
B: (if (=  n 1 ) 1  (*  n  (factoria l (- n 1))))

fac to rial

(if (= n 1) 1
    (* n (factorial (- n 1))))

C F(1)

n 3

CF(1)

CF G loba l

T he sym bol  =  eval uates to the pr i m i t i ve
procedure def i ned i n Schem e's gl obal
env i ronm ent.  T he sym bol  n  eval utes to
the num er i cal  v al ue 3.  T he num ber 1  i s
sel f  eval uati ng and eval uates to i tsel f .

S tep  9

(define factorial  )
(  3)

C F

P : n
B : (if (= n 1) 1 (*  n  (fac to rial (- n 1))))

fac to rial

(if (#<=> 3 1) 1
    (* n (factorial (- n 1))))

CF(1)

n 3

CF(1) C F G lobal

C al l i ng the pri m i t i ve procedure on the
actual  param eters 3 and 1 returns #f .  T hi s
m eans w e w i l l  be eval uati ng the al ternate
expressi on.

S tep  10

(define factorial  )
(  3)

C F

P: n
B: (if (=  n 1 ) 1  (*  n  (factoria l (- n 1))))

fac to rial

(if #f 1
    (* n (factorial (- n 1))))

C F(1)

n 3

CF(1)

CF G loba l

L ook i ng at the al ternate expressi on, w e see
that i t  i s a non-speci al  l i st f orm .  W e m ust
eval uate al l  of  i ts sub-expressi ons bef ore
w e can f i n i sh eval uati ng i t .

S tep  11

(define factorial  )
(  3)

C F

P : n
B : (if (= n 1) 1 (*  n  (fac to rial (- n 1))))

fac to rial

(if #f 1
    (* n (factorial (- n 1))))

CF(1)

n 3

CF(1) C F G lobal

T he sym bol  *  eval utes to Schem e's respecti ve
pri m i t i ve procedure, and the num ber 3  eval utes
to i tsel f .  N oti ce that the th i rd expressi on i s a
non-speci al  l i st f orm .  W e m ust eval ute al l  of
i ts sub-ex pressi ons bef ore w e can f i n i sh
eval uti ng i t .

S tep  12

(define factorial  )
(  3)

C F

P: n
B: (if (=  n 1 ) 1  (*  n  (factoria l (- n 1))))

fac to rial

(if #f 1
    (#<*> 3 (factorial (- n 1))))

C F(1)

n 3

CF(1)

CF G loba l

T he sym bol  fa c to ria l  eval utes to the respecti v e procedure i n the current f ram e's env i ronm ent.
T he nex t expressi on to ev al ute i s yet another  non-speci al  f orm  l i st.  W e m ust ev al ute al l  of  i ts
sub ex pressi ons bef ore w e can f i n i sh ev al uti ng i t .

S tep  1 3

(define factorial  )
(  3)

C F

P : n
B : (if (= n 1) 1 (*  n  (fac torial (- n 1))))

fac to rial

(if #f 1
    (#<*> 3 (  (- n 1))))

C F(1)

n 3

CF(1)

CF G loba l

T he sym bol  -  ev al utes to i ts respecti ve pri m i t i ve procedure.  T he num bers eval ute to them sel ves.
N ow  that al l  of  the el m ents i n th i s l i st have been eval uated, w e can cal l  the #< ->  pri m i t i v e
procedure on the actual  param eters.

S tep  1 4

(define factorial  )
(  3)

C F

P : n
B : (if (= n 1) 1 (*  n  (fac torial (- n 1))))

fac to rial

(if #f 1
    (#<*> 3 (  (#<-> 3 1))))

C F(1)

n 3

CF(1)



CF G loba l

T he resul t of  cal l i ng that procedure i s the num er i cal  val ue 2.  N ow  that al l  of  the el em ents i n
th i s l i st have been ev al uted, w e can cal l  the procedure (the f i rst el em ent i n the l i st)  w i th i ts
actual  param eters (the rest of  the el em ents i n the l i st) .  T hi s i s done as bef ore, and w e create
a new  f ram e that poi nts to w here the procedure poi nts, b i nd the f orm al  param eter  sym bol s
to thei r respecti ve actual  param eter  val ues i n the new  f ram e, and star t executi ng the procedure
body  i n the new  current f ram e.

S tep  1 5

(define factorial  )
(  3)

C F

P : n
B : (if (= n 1) 1 (*  n  (fac to rial (- n 1))))

fac to rial

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

CF(1)

C F(2)

n 2

(if (= n 1) 1
    (* n (factorial (- n 1))))

C F (2 )

CF G loba l

Paral l el i ng steps 9 and 10, w e f i rst need to eval ute the predi cate of  the i f  expressi on.  T hi s requi res
that w e eval uate a non-speci al  l i st f orm  and consequentl y  ev al ute al l  of  the l i st 's sub-expressi ons
bef ore cal l i ng the pri m i t i v e procedure #< = >  on the resul tant actual  param eters.  T he resul t of  th i s
i s #f .  T hi s tel l s us to ev al ute the al ternate expressi on.

S tep  1 6

(define factorial  )
(  3)

C F

P : n
B : (if (= n 1) 1 (*  n  (fac to rial (- n 1))))

fac to rial

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

CF(1)

C F(2)

n 2

(if #f 1
    (* n (factorial (- n 1))))

CF(2)

C F G lo bal

Paral l el i ng steps 11 through 14, w e f i rst need to eval ute al l  of  the sub-ex pressi ons of  the non-speci al
l i st f orm  al ternate expressi on.  I t  contai ns v ar i ous other non-speci al  l i st f orm s w hi ch al so need thei r
sub-ex pressi ons eval uted and w e do th i s unti l  w e f i nd a pl ace w here w e can f i nal l y  si m pl i f y  the
ex pressi on by  cal l i ng a procedure.

S tep  17

(define factorial  )
(  3)

CF

P: n
B: (if (=  n  1 ) 1 (* n (factorial (- n  1 ))))

factoria l

(if #f 1
    (#<*> 3 (  2)))

CF(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  (#<-> 2 1))))

C F(2)

C F G lo bal

Paral l el i ng step 15, cal l i ng the pr i m i t i ve procedure #< ->  resul ts i n the num eri cal  val ue 1, and then
w e can cal l  the procedure on the actual  param eter 1.  T he resul t i s the creati on of  a new  f ram e
w hi ch poi nt to w here the procedure poi nts (show n by  poi nti ng the arrow  at another  l i ne that poi nts
at the correct f ram e i n order to save space), b i ndi ng the f orm al  param eter sym bol s to thei r  respecti ve
actual  param eters, and eval uati ng the body  of  the procedure at the new  current f ram e.

S tep  18

(define factorial  )
(  3)

CF

P: n
B: (if (=  n  1 ) 1 (* n (factorial (- n  1 ))))

factoria l

(if #f 1
    (#<*> 3 (  2)))

CF(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  1)))

C F(2)

(if (= n 1) 1
    (* n (factorial (- n 1))))

C F (3 )

n 1

C F(3)

C F G lo bal

Paral l el i ng steps 9 and 10, w e f i rst need to eval ute the predi cate of  the i f  expressi on.  T hi s requi res
that w e eval uate a non-speci al  l i st f orm  and consequentl y  eval ute al l  of  the l i st 's sub-expressi ons
bef ore cal l i ng the pr i m i t i ve procedure #< = >  on the resul tant actual  param eters.  T he resul t of  th i s
i s #f .  T hi s tel l s us to eval ute the al ternate expressi on.

S tep  19

(define factorial  )
(  3)

CF

P: n
B: (if (=  n  1 ) 1 (* n (factorial (- n  1 ))))

factoria l

(if #f 1
    (#<*> 3 (  2)))

CF(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  1)))

C F(2)

(if #f 1
    (* n (factorial (- n 1))))

C F(3)

n 1

C F(3)

C F G lobal

Paral l el i ng steps 11 through 14, w e f i rst need to ev al ute al l  of  the sub-ex pressi ons of  the non-speci al
l i st f orm  al ternate ex pressi on.  I t  contai ns vari ous other  non-speci al  l i st f orm s w hi ch al so need thei r
sub-ex pressi ons ev al uted and w e do th i s unti l  w e f i nd a pl ace w here w e can f i nal l y  si m pl i f y  the
expressi on by  cal l i ng a procedure.  A l so note that I  poi nted the arrow  to another  l i ne that poi nts
to the procedure to save space.

S tep  2 0

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  1)))

C F(2)

(if #f 1
    (#<*> 1 (  (#<-> 1 1))))

CF(3)

n 1

C F(3)

C F G lobal

Paral l el i ng step 15, cal l i ng the pr i m i t i ve procedure #< ->  resul ts i n the num eri cal  val ue 1, and then
w e can cal l  the procedure on the actual  param eter 1.  T he resul t i s the creati on of  a new  f ram e
w hi ch poi nt to w here the procedure poi nts (show n by  poi nti ng the arrow  at another l i ne that poi nts
at the correct f ram e i n order to save space), b i ndi ng the f orm al  param eter sym bol s to thei r  respecti v e
actual  param eters, and eval uati ng the body  of  the procedure at the new  current f ram e.

S tep  2 1

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  1)))

C F(2)

(if #f 1
    (#<*> 1 (  0)))

CF(3)

n 1

C F(3)

(if (= n 1) 1
    (* n (factorial (- n 1))))

C F (4 )

n 0

CF(4)

C F G lobal

Paral l el i ng steps 9 and 10, w e f i rst need to ev al ute the predi cate of  the i f  expressi on.  T he resul t of
th i s i s #t.  T hi s tel l s us to ev al ute the consequent expressi on.

S tep  2 2

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  1)))

C F(2)

(if #f 1
    (#<*> 1 (  0)))

CF(3)

n 1

C F(3)

(#t 1
    (* n (factorial (- n 1))))

CF(4)

n 0

CF(4)



C F G lobal

Ev al uati ng the consequent ex pressi on, the num ber 1 , w e get i tsel f .  B ecause th i s i s the l ast
expressi on to eval uate i n th i s procedure, i t  becom es the resul tant val ue of  the procedure cal l .

S tep  2 3

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  1)))

C F(2)

(if #f 1
    (#<*> 1 (  0)))

CF(3)

n 1

C F(3)

(#t 1
    (* n (factorial (- n 1))))

CF(4)

n 0

CF(4)

C F G lobal

Repl aci ng the expressi on that cal l ed the procedure w i th the resul tant val ue, 1, w e see that w e can
now  f i n i sh eval uati ng the non-speci al  l i st f orm .  N oti ce that how  the current f ram e i s rel ated to
the ex pressi ons bei ng ev al uated.  W e cal l ed the procedure f rom  C F(3) and the return v al ue
repl aces the ex pressi on i n C F(3)  and w e f i n i sh eval uati ng the rest of  the expressi ons i n CF(3) .

S tep  2 4

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  1)))

C F(2)

(if #f 1
    (#<*> 1 1))

CF(3)

n 1

C F(3)

n 0

C F G lobal

Ev al uati ng the pr i m i t i ve procedure #< * >  on the actual  param eters 1 and 1, resul ts i n the num eri cal
val ue 1.  T hi s i s the l ast expressi on to eval ute i n th i s procedure body , so i ts resul t becom es the
resul t of  cal l i ng th i s procedure.

S tep  2 5

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 (  1)))

C F(2)

(if #f 1
    1)

CF(3)

n 1

C F(3)

n 0

C F G lobal

Repl aci ng the expressi on that cal l ed the procedure w i th the resul tant val ue, 1, w e see that w e can
now  f i n i sh eval uati ng the non-speci al  l i st f orm .  N oti ce how  none of  the ol d f ram es are bei ng
di scarded.  T hi s i s because Schem e conceptual l y  d i scards nothi ng!

S tep  2 6

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    (#<*> 2 1))

C F(2)

n 1

n 0

C F G lobal

Ev al uati ng the pr i m i t i ve procedure #< * >  on the actual  param eters 2 and 1, resul ts i n the num eri cal
val ue 2.  T hi s i s the l ast expressi on to eval ute i n th i s procedure body , so i ts resul t becom es the
resul t of  cal l i ng th i s procedure.

S tep  2 7

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 (  2)))

C F(1)

n 3

C F(1)

CF(2)

n 2

(if #f 1
    2)

C F(2)

n 1

n 0

C F G lobal

Repl aci ng the expressi on that cal l ed the procedure w i th the resul tant val ue, 2, w e see that w e can
now  f i n i sh eval uati ng the non-speci al  l i st f orm .  W e're al m ost done!

S tep  2 8

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    (#<*> 3 2))

C F(1)

n 3

C F(1)

n 2

n 1

n 0

C F G lobal

Ev al uati ng the pr i m i t i ve procedure #< * >  on the actual  param eters 3 and 2, resul ts i n the num eri cal
val ue 6.  T hi s i s the l ast expressi on to eval ute i n th i s procedure body , so i ts resul t becom es the
resul t of  cal l i ng th i s procedure.

S tep  2 9

(define factorial  )
(  3)

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l

(if #f 1
    6)

C F(1)

n 3

C F(1)

n 2

n 1

n 0

C F G lobal

Repl aci ng the expressi on that cal l ed the procedure w i th the resul tant val ue, 6, w e see that w e've
f i n i shed the eval uati on of  the i n i t i al  ex pressi on!   W el l  done!

S tep  3 0

(define factorial  )
6

C F

P: n
B: (if (=  n  1 ) 1  (*  n (factoria l (- n 1 ))))

fac toria l n 3

n 2

n 1

n 0


